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INTRODUCTION 
The great developments that have occurred during the 
last few years in the finite element method and its 
applications has kept hidden other options for com-
putation. The boundary integral element method now 
appears as a valid alternative and, in certain cases, has 
significant advantages. This method deals only with the 
boundary of the domain, while the F.E.M. analyses the 
whole domain. This has the following advantages: the 
dimensions of the problem to be studied are reduced by 
one, consequently simplifying the system of equations and 
preparation of input data. It is also possible to analyse 
infinite domains without discretization errors. These 
simplifications have the drawbacks of having to solve a 
full and non-symmetric matrix and some difficulties are 
incurred in the imposition of boundary conditions when 
complicated variations of the function over the boundary 
are assumed. 
In this paper a practical treatment of these problems, in 
particular boundary conditions imposition, has been 
carried out using the computer program shown below. 
Program SERBA solves general elastostatics problems 
in 2-dimensional continua using the boundary integral 
equation method. 
The boundary of the domain is discretized by line or 
elements over which the functions are assumed to vary 
linearly. 
Data (stresses and/or displacements) are introduced in 
the local co-ordinate system (element co-ordinates). 
Resulting stresses are obtained in local co-ordinates 
and displacements in a general system. 
The program has been written in Fortran ASCII and 
implemented on a 1108 Univac Computer. For 100 
elements the core requirements are about 40 Kwords. 
Also available is a Fortran IV version (3 segments) 
implemented on a 21 MX Hewlett-Packard computer, 
using 15 Kwords. 
Projective methods study the solution of problem (1) 
using the following expression: 
« 
u n 1*1% (3) 
If we define a space generated by q>{ and we project on it 
expression (1) substituting u from equation (3), we get: 
n 
X (Av^jh^avj) (4) 
; = i 
Dealing with the problem using this equation, leads to a 
weak formulation of the original problem and to its 
resolution over the whole domain. As a particular case, 
when <j0. = *Pi9 (functions are defined over all the domain), 
these are Rayleigh-Ritz methods and when using fun-
ctions of small support we are looking at the F.E.M. 
If we channel our study in order to get a boundary 
solution, it is only necessary to use the abstract Green's 
formula in expression (1) and the relation for (p: 
A<p = g (5) 
In this way we obtain: 
(M, Aq>)D = (Au, (p)D + {Eu, Ncp)CD-(E(p, Nu)PD 
(6) 
where: D represents the domain under study, dD repre-
sents the boundary of the domain, N represents natural 
boundary conditions, E represents essential boundary 
conditions. 
A suitable choice of (p allows simplification of ex-
pression (6) thus, when Acp = 0, we have Trefftz's methods 
and when Acp = 5{xi) we have the B.I.E.M. in which 
equation (6) takes the form: 
MATHEMATICAL MODEL 
A large number of problems in mathematical physics may 
be expressed by the equation: 
A • u = f (1) 
where A is a linear operator or a set of them. 
The solution of equation (1) can be put as: 
00 
u * I at% (2) 
i = l 
u(Xi) + {E<p, Nu)gD = (Eu, N(p)eD + (f, <p)D 
(7) 
and if x{ e dD: 
c^-Mx,.)+ (£<?, Nu)dD = {Eu, N<p)(,D + (f, q>)D 
(8) 
we get an equation which only refers to the boundary, 
because the term extended to the domain does not include 
unknowns. 




Figure 2. Stresses in a node. <Jk(k + 1)= normal stress at 
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Figure 4. AT-1 
has been paid for by losing the symmetry of the system 
which must now be expressed by means of a full matrix, 
since q> is defined over the whole boundary. 
In elasticity problems, keeping in mind that 
cp = fundamental solution (i.e. Kelvin); Nu = u = dis-
placements; Eu = t = stresses; / = body forces (= 0), 
expression (7) takes the form: 
u + uds Utds (9) 
dD dD 
which is known as Somigliana's equation 
B.I.E.M. IMPLEMENTATION 
Thus, the starting equation for using the method is 
equation (9) which can also be obtained through the use of 
a field equation (Navier equation), a reciprocity theorem 
(Maxwell-Betti) and a fundamental solution (Kelvin 
solution). In a more explicit form, expression (9) becomes: 




U/x, y)tt(y)ds (10) 
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Figure 5. 
INPUT DATA J 
AUTOMATIC GENERATION OF THE UNSPECIFIED 
NOOAL POINTS IN THE INPUT DATA OF 
COORDINATES. STRESSES AND DISPLACEMENTS 
PRINT INPUT DATA 
COMPUTATION OF THE FREE TERM] 
j INTEGRATION OVER THE ELEMENTS I 
I 
DIRECT ASSEMBLING OF THE EQUATION 
SYSTEM WITH AUTOMATIC INTRODUCTION 






INTRODUCTION OF SUPPORT CONDITIONS 
• I " 
SOLUTION OF THE EQUATION SYSTEM I 
I 
\ WfcARRANGMEmS OF BESPITS | 
I 
COMPUTATION OF DISPLACEMENTS AND 
STRESSES AT THE INTERNAL POINTS 
• I , 
| OUTPUT RESULTS | 
Figure 6. 
Problem definition 
T = 0 
a = 1000 kg/cm 2 
o = 0 
T = 0 
Discretisation and 
support conditions 
,i ,, .. ., A , 
A 




 " *' T T " T 
o=0 
T = 0 
a =1000 
T = 0 
Figure 7. Example 1 
where x is any point of the domain, y is any point over the 
boundary, Tjh Uj( are the Kelvin fundamental solution for 
the stresses and displacements, i/, t represents the displace-
ments and stresses in points of the domain or boundary. 
Equation (10) must be taken to the boundary and, to do 
so, it is necessary to make x tend to dD. In this case, the 
equation becomes: 

























































































Ct{x) = lim 7}<(x, y)ds 
y . 
my) 
Expression (11) allows us to find values of displacements 
and stresses along the boundary of the domain. Then, 
equation (10) will let us find displacements at interior 
points and, finally, stresses at these points can be ob-
tained from the displacements as follows: 
Figure 8. Input data cards for example 1 2fiv du (j.. — A . . — 
lJ




~ ~ \ " 
dxj dxt 
(12) 
a * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
PROGRAM SERBA FOR SOLUTION OF TUO DIMENSIONALELASTICITY PROBLEMS USING B.I.E.M. 
INPUT DATA 
SQUARE PLATE 
NUMBER OF ELEMENTS = 8 
NUMBER OF INTERNAL POINTS - S 
ELASTICITY MODULUS = 2100008.0 
POISSON RATIO =.200 
PROBLEM DEFINITION * 1 
1 = PLANE STRESS 



































































































































































































































1 1381464 + 801 
Figure 9. Results for example 1 
Problem definition Solved problem 
a=1000 
,*. t 
mmmtt D V 
u = 0 
4-
T = 0 
•xc 
1111111111 T = & 
T = 0 
G-0 
— • 
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Figure 11. Discretization used 
In order to discretize the integral equation, let's assume 
linear variation of functions (displacements and stresses) 
over the elements. In this way for an element dDk: 
X(k) . 
X(k +j) ( 
M 




unit vector that define the element orientation, and the 
rotation for the local stresses. 
Therefore the integral equation applied to a node x, and 
referring it to an element k placed between nodes k and k 







Making use of equations for displacements and stresses 
given in equation (13) and according to the modification 
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v(K + l) 
rX(K) 
X(K + 1) 






u(k) = displacements along x axis at node k, v(k + l) 
— displacements along y axis at node k +1, X(k) = stress in 
x direction at node k, T(/c + l) = stress in Y direction at 
node k + i. 





























































































































































Figure 12. Input data cards for example 2 
PROGRAM SERBA FOR SOLUTION OF TWO DIHENSIONALELASTICITY PROBLEMS USING B.I.E.M. 
INPUT DATA 
PLATE IN TRACTION UITH CENTRAL HOLE 
NUMBER OF ELEMENTS = 28 
NUMBER OF INTERNAL POINTS = 9 
ELASTICITY MODULUS = 2100000.0 
POISSON RATIO =.200 
PROBLEM DEFINITION = 1 
1 = PLANE STRESS 










































































































































































































































































































































































































































































































































































































































































Figure 13. Results for example 2 
T = 0 
w = o l 
• X 
T = 0 
w = 0 
Figure 14. 
with internal 
kg/cm2; v = 
Problem definition. Example 3: thick cylinder 
= 1000 kg/cm2; pressure, p E = 2 x l 0 5 
0.25; a = 10; b = 25 
D1 D2 
Figure 15. Discretizations used with B.LE.M. 
where (for instance): 
A i j(/c9 x) Tn(/c, x ^ d ^ 
f D 
£12(/c, x) U11(ktx)N2dsi 
CD 
These integration constants A and 5, are evaluated 
numerically when the elements over which one integrates 
(k) do not include the point where the integral equation is 
applied (x). 
Otherwise the integration is carried out analytically. 
Non-revertible singularities which appear in analytical 
integrations are eliminated during the assemblage of the 
matrix of coefficients of the system of integral equations. 
Furthermore these integrations should be taken in the 
sense of Cauchy principal values. 
Application of the boundary conditions allows us to 
write equation (16) in the form: 
F = K-X (17) 
The fact that there are 6 unknowns at each node to begin 
with (w, v, aB, aA, tB, TA) and only two integral equations 
makes it impossible to apply the boundary conditions 
directly in certain cases. In particular, when displacements 
are specified (4 unknowns) it is necessary to make an 
additional assumption which is established in the follow-
ing way: 
Let us assume that in the neighbourhood of node /c, 
displacements vary in a linear way over the domain which 
allows us to find the strain tensor E{j and the principal 
strains EU SU as well as their principal directions vh vn. 
Therefore stresses at both sides of the node, can be 
expressed as functions of the principal stresses: 
ak(k) = a<jl(k) + b(ju(k) 
<Tk-1(k) = c<T1(k) + dall(k) 
and similarly for T, which means that only two unknowns 
remain associated with the node (k): a1 and <rn. 
Finally in order to avoid ill-conditioning of the matrix 
K, the integral equations are scaled by multiplying the B 
coefficients by the elasticity modulus and dividing by the 
maximum dimension of the domain under study. 
Displacement data are also divided by this length and 
stress data by the elasticity modulus. 
FLOW-CHART 
SERBA is divided into a main program and four sub-
routines. The flow-chart of the main program is shown 
below. 
SUBROUTINE LOLE: Calculates the integration con-
stants of the boundary fundamental equation. The 
constants that form the matrix which is multiplied 
by the stress vector are calculated in the element 
oriented coordinate system. In this way, the stress 
vector is expressed in the element oriented coor-
dinate system. 
SUBROUTINE SOLUG: Solves the equation system by 
Gauss method. 
SUBROUTINE CALA: Solves the stress discontinuity 
problem that appears in sharp corners. Finds the 
values that relate the stress vector before and after 
the corner with the principal stress vector in the 
corner. 
SUBROUTINE PIYAY: Calculates the integration con-
stants over the elements, needed to obtain the stress 
values at the internal points. 
INPUT DATA CARDS 
The input data cards are classified in the following way: 
Two cards describe the general features of the 
problem. 
Block of cards with internal points coordinates. 
Block of cards with boundary nodes coordinates. 
Block of cards with boundary conditions (stress 
and/or displacements) 
Card with support conditions, if necessary. 
1. Card (3/5, 10 x , 25,42) 




Figure 16. Discretizations using F.E.M 
zation in the internal region (example 8) 
Cols 6 to 10: NPI = Number of internal points 
Cols 10 to 15: IANUL = Total number of restrained dis-
placements (support conditions). 
Cols 26 to 75: IENC = Title 
2. Card (15, 3F10.0) 
Cols 1 to 5: NTIP = Problem type 
1 for plane stress 
0 for plane strain 
Cols 6 to 15: E = Young's modulus 
Cols 16 to 25: POIS = Poisson's ratio 
Cols 26 to 35: DM = Longest dimension of the body 
(scaling of equations system). 
First block of cards 
Internal points coordinates. Number of cards in this block 
is specified in the second variable of card 1. (2F10.0) 
Cols 1 to 10: X coordinate of the internal point 
Cols 11 to 20: 7 coordinate of the internal point 
Second block of cards 
Boundary points, coordinates. (I5,2F10.0) 
Cols 1 to 5: Nodal point number 
Cols 6 to 15: X coordinate of the nodal point number 
Cols 16 to 25: Y coordinate of the nodal point number 
If the nodal point numbers are not consecutive, the 
program calculates the coordinates of the nodes in 
between, in a straight line, uniformly distributed. 
Figure 17. Evolution ofaQ over A-B, o, B.I.E.M. with 12 
elements; • , B.I.E.M. with 24 elements; + , B.I.E.M. with 
36 elements; *, F.E.M. with 148 elements (example 3) 
Third block of cards 
Boundary conditions. (I5,4(I5,E10.3)) 
Cols 1 to 5: Nodal point number 
Cols 6 to 10: Integer numbers that identify the real 
variable 
that comes next. They have to be ordered. Cols 21 to 25 
Cols 36 to 40 
Cols 51 to 55 
Cols 11 to 20 
Cols 26 to 35 
Values of the stress or displacement iden-






























































2 5 . 
2 4 . 5 4 9 6 3 
2 3 . 0 9 6 9 9 
2 0 . 7 8 6 7 4 
47 .67767 
43.88926 
9 . 5 6 7 0 9 













0 . 2 5 
• 
.5 
4 . 8 7 7 2 6 
9 . 5 6 7 0 9 
43 .88926 
47 .67767 
2 0 . 7 8 6 7 4 
2 3 . 0 9 6 9 9 
2 4 . 5 4 9 6 3 
2 5 . 
40 . 
9 . 8 0 7 8 5 
9 . 2 3 8 8 
8 . 3 4 4 7 
7 . 8 7 407 
5 .5S57 



























12 13 14 Code Case 11 
Integer variable 























































































MT-M means that you know a component of displacements and another of stress in the previous 
element and the two components of displacement in the following element. 
Sm = Smooth boundary 
Sh = Sharp corner 
****«******tftt***#*****tt************************#**^ 
PROGRAM SERBA FOR SOLUTION OF TUO DIMENSIONALELASTICITY PROBLEMS USING B.I.E.M. 
INPUT DATA 
THICK CYLINDER UITH INTERNAL PRESSURE 
NUMBER OF ELEMENTS = 24 
NUMBER OF INTERNAL POINTS * 3 
ELASTICITY MODULUS = 200000-0 
POISSON RATIO =.250 
PROBLEM DEFINITION = 0 
1 « PLANE STRESS 












































































































































































































































































































































































































































































































































Cols 41 to 50: according to the relations listed below. 
Cols 56 to 65: 
If there are no discontinuities in geometry, stress and 
displacements, only two integer number and two real 
variables need to be given. 
List that identifies the variables in the third block 
Integer value Real variable associated 
1 Normal displacement before uB 
2 Tangential displacement before v 
3 Normal displacement after uA 
4 Tangential displacement after vA 
5 Normal stress before oB 
6 Tangential stress before TB 
7 Normal stress after aA 
8 Tangential stress after xA 
For the internal use of the program and for the data-
check there is a simplified code according to the relation 
list (Table 1). 
Last card 
Introduction of support condition. Use this card only 
when the third variable of the first card is not zero. Write 
as integer values as specified for this variable (less than 
five). (515) 
Cols 1 to 5: To punch n means to fix the global 
Cols 6 to 10: displacement X in node n. To punch n + N 
Cols 11 to 15: (N = total node number) means to fix the 
Cols 16 to 20: global displacement Y in node n. If a local 
Cols 21 to 25: displacement is known it is only possible 
to fix the global displacement Y 
GENERAL REMARKS 
The nodes are numbered in an anticlockwise direction. 
The cards specifying nodal characteristics (geometric or 
boundary conditions) should be ordered (when there is 
automatic generation nodes are not numbered con-
secutively in the cards). 
The integration over the elements is performed numeri-
cally using Gauss quadrature with four points, when the 
elements does not include the node under consideration. 
When the element includes the node under consideration 
the integration is performed analytically. 
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